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At a most fundamental level, gravitomagnetism is generally assumed to emerge from
the General Theory of Relativity (GTR) as a first order approximation and not as an
exact physical phenomenon. This is despite the fact that one can justify its existence
from the Law of Conservation of Mass-Energy-Momentum in much the same manner
one can justify Maxwell’s Theory of Electrodynamics. The major reason for this is that
in the widely accepted GTR, Einstein cast gravitation as a geometric phenomenon to be
understood from the vantage point of the dynamics of the metric of spacetime. In the
literature, nowhere has it been demonstrated that one can harness the Maxwell Equations applicable to the case of gravitation – i.e. equations that describe the gravitational
phenomenon as having a magnetic-like component just as happens in Maxwellian Electrodynamics. Herein, we show that – under certain acceptable conditions where Weyl’s
conformal scalar [1] is assumed to be a new kind of pseudo-scalar and the metric of
spacetime is decomposed as gµν = Aµ Aν so that it is a direct product of the components
of a four-vector Aµ – gravitomagnetism can be given an exact description from within
Weyl’s beautiful but supposedly failed geometry.

consistent mathematical framework that has a direct correspondence with physical and natural reality as we know it.
Beautiful.
Despite his legendary lifelong failure to attain a unified
field
theory, Einstein [2, 3] understood very well the need for
Herman Klaus Hugo Weyl (1885-1955)
tensorial affine connections in the construction of a unified
field theory. Einstein [2, 3] was not alone in this esoteric pot
1 Introduction
of wisdom; amongst others, towering figures of history such
Exactly 102 years ago, the great, brilliant and esoteric Ger- as Eddington [4] and Schrödinger [5–7] all but made similar
man mathematician cum mathematical physicist and philoso- noteworthy attempts to attain a unified field theory that made
pher – Herman Klaus Hugo Weyl (1885-1955) – astounded use of tensorial affines.
In the present work, this idea of tensorial affine connecthe world of Physics with the first ever unified field theory
of gravitation and electromagnetism. At the time, gravitation tions is a fundamental lynchpin in the construction of what
and electromagnetism were the only known forces of Nature, we believe is a noteworthy stepping stone to a Final Unified
hence, from the viewpoint of the collective wisdom of the day, Field Theory (FUFT) of the gravitational phenomenon and
Weyl’s [1] theory was seen as a unified field theory of all the the other forces of Nature. When we here say Final Uniforces of Nature. Since Weyl’s [1] maiden efforts, unification fied Field Theory, we mean this in the context of the path
of the gravitational phenomenon with the other forces of Na- (see [8–10]) that we are pursuing in order to arrive at what
ture has remained as one of the greatest – if not the greatest we believe is the FUFT.
– and most outstanding problem in all of physics today. This
In order for us to give the reader the correct scope of the
endeavour of unification of all the forces of Nature first con- present work, we must hasten and say that the present work
ducted by Weyl [1], became Albert Einstein’s (1879-1955) is part and parcel of our upcoming monograph on this grand
final quest in the last 30 years of his brilliant and eventful dream of Einstein. What we present herein is but a portion
life.
thereof. We herein demonstrate that gravitomagnetism has a
Since it is a widely accepted position, it perhaps is only fundamental geometric justification well within the scheme
fair for us to say at this very point, that – overall – while of Weyl’s [1] supposed failure. We strongly believe – or
he failed in his titanic 30-year long quest and battle with the are of the innate view – that the much sought for path to a
problem of an all-encompassing unified field theory of all the successful Quantum Geometrodynamic (QGD) theory will be
forces of Nature, Einstein made serious meaningful contribu- achieved very soon via a recasting of the gravitational phetions to this seemingly elusive grand dream of a Final Theory nomenon into a Maxwell-type formalism where the quantithat ties together all the known forces of Nature – the Grav- zation of the gravitational field will prove to be the trivial
itational force, the Electromagnetic force, the Weak and the exercise of quantizing a four-vector field Aµ associated with
Strong force – into one, giant, neat, beautiful, coherent and the gravitational field. Through the well known quantization
My work always tried to unite the Truth with the Beautiful,
but when I had to choose one or the other, I usually chose the
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phenomenon as a whole – we arrive not by design, but rather
by serendipity, at a gravitomagnetic theory similar to that of
Maxwell [14].
In current efforts being made on both the theoretical (in
e.g. [15–19]), and observational front (in e.g. [20–24]), gravitatomagnetism is predominately understood in the context of
Einstein’s [25–28] linearised first order approximation of the
GTR. Our approach is different to this predominant approach.
We herein consider gravitomagnetism as an exact theory
independent of the GTR in much the same way it was conceived by Maxwell [14] and Heaviside [29, 30] and further
championed (in modern times) e.g. by Jefimenko [31] and Behera [32] amongst others. The present gravitomagnetic theory falls within the realm of a more ambitious attempt that we
are currently working on, i.e. an attempt at an all-encompassing Unified Field Theory (UFT) of all the forces of Nature
(see [10, 33]). We shall say nothing about this attempt but
direct the interested reader to these works.
In closing this introductory section, we shall give a brief
synopsis of the remainder of the paper. In §2, we give a brief
exposition of the GTR. In §4, we give an exposition of Weyl’s
theory [1]. In §3, we give a non-geometric justification of
gravitomagnetism. In §5, we present our theory. Thereafter,
in §6, in preparation for the presentation of the gravitomagnetic field equations, we express the new affine (Γλµν ) and the
δ
α
d 2 xλ
λ dx dx
− Γαδ
=0
(1) Riemann tensor (Rµν ) in terms of the gravitational Maxwellds ds
ds2
type field tensor (Fµν ). Therein §6, we also work out the
where ds = cdτ is the line element, τ is the relativistic proper geometrically derived material tensor (Tµν ) so that its terms
time, c = 2.99792458 × 108 m s−1 (CODATA 2018) is the correspond with what we know from the physical world. In
speed of light in vacuo, xµ is the four-position of the particle §7, we write down the resultant field equations. Lastly, in §8,
in spacetime, and Γλµν are the usual Christoffel three-symbols a general discussion is given.
[12]∗ . Because of the non-tensorial nature of the affine con2 Brief exposition of the GTR
nection Γλµν , this geodesic (1) of motion does not hold fast –
in the truest sense – to the depth of the letter and essence of As is well known, Einstein’s Special Theory of Relativity [34]
the philosophy deeply espoused and embodied in Einstein’s deals with inertial observers while the GTR deals with nonPrinciple of Relativity (PoE) [13], namely that physical laws inertial observers. The problem with non-inertial observers is
must require no special set of coordinates where they are to that gravitation becomes a problem since it is an all pervading non-vanishing force. By analysing the motion of a test
be formulated.
The non-tensorial nature of the affine connection requires body in free fall motion in a gravitational field, Einstein [13]
that the equation of motion must first be formulated in spe- was able to overcome this problem of gravitation by noting
cial kind of coordinate systems known as a geodesic coor- that if the gravitational (mg ) and inertia mass (mi ) were equal
dinate system† , yet the PoE forbids this. This problem has or equivalent, then gravitation and acceleration are equivalent
never been adequately addressed in the GTR. As Einstein [2] too. This meant that the effect(s) of acceleration and gravnoted, a permanent way out of this dilemma is to find a ge- itation are the same. One can introduce or get rid of the
ometry whose affine connections are tensors. This is what gravitational field by introducing acceleration into the syswe do herein. At the end of our quest – for the gravitational tem. Because of the importance of this, it came to be known
as the Principle of Equivalence, and Einstein [25] took this
∗ These symbols are named after German mathematician and physicist
as a foundational pillar to be used for the construction of his
Elwin Bruno Christoffel (1829-1900). Christoffel first introduced these symbols in a paper on differential forms in n variables, published in Crelle’s GTR.
procedures discovered in the quantization of the electromagnetic four-vector field in Quantum Electrodynamics (QED),
the gravitational four-vector field can be quantized too in this
very same manner.
We must say that our theory is directly inspired by Weyl’s
geometry [1] – a geometry that for the first time made the
great and esoteric stride and endeavour to bring the electromagnetic and gravitational forces together into a fruitful and
harmonious union that did not last beyond Einstein’s first criticism of it (see e.g. [11]). Unlike what we have done in our
previous work (in [8–10]), we shall not anymore bother our
reader with the plethora of the exciting and fascinating historic anecdotes associated with the pursuit of a unified field
theory that brings the gravitational and quantum phenomenon
into one giant, neat, coherent and consistent mathematical
framework. We deal here directly with the purest portions
and jewels of our effort.
In their noble quest and search for a unified field theory
of the quantum and gravitational phenomenon, physicists –
and mathematicians alike – have been motivated by various
reasons. In our case, our motivation has been, and is solemnly
to overcome the obvious great difficulty associated with the
General Theory of Relativity (GTR)’s geodesic equation of
motion, namely:

Journal: see [12].
† A geodesic coordinate system is one in which the Christoffel threesymbols Γλµν vanish at all points on the given set of coordinates – i.e. Γλµν = 0.
An example is the flat rectangular (x, y, z) system of coordinates. However,
when one moves from this (x, y, z) rectungular system of coordinates to say
0
0
the spherical (r, θ, ϕ), the resulting affine Γλµ0 ν0 is not zero – i.e. Γλµ0 ν0 , 0.
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2.1

Principle of Equivalence

The deep rooted meaning of the Principle of Equivalence is
that physical laws should remain the same in a local reference
system in the presence of a gravitational field as they do in
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an inertial reference system in the absence of gravitation. In
Einstein’s own words [13]:
Einstein’s Principle of Equivalence (PoE): We shall
therefore assume the complete physical equivalence of
a gravitational field and the corresponding acceleration of the reference system. This assumption extends
the Principle of Relativity to the case of uniformly accelerated motion of the reference system.
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laws in the respective reference systems must remain
absolutely and independently unaltered – i.e. invariant
and congruent – by the transition to a new coordinate
system.

This forms the basic guiding principle of the present theory.
The deeper meaning of the GPR is that, if one is describing the same physical event in spacetime e.g. a black hole, it
should not be permissible to transform away a singularity by
employing a different set of coordinates as is common place
A consequence of this is that no mechanical or optical exin the study of the Schwarzchild metric. If the singularity
periment can locally distinguish between a uniform gravitaexists, it exists independently of the coordinate system and
tional field and uniform acceleration. It is here that we would
reference system used – it is intrinsic and permanent, it must
like to point out that the PoE as used in the formulation of
exist at all levels of the theory.
the GTR does not demand that the physics must remain inTherefore, if we are to have no singularities, the theory
variant. By “the physics” we mean that the description of a
itself must be free of these. If a particle is seen not to pass
physical event ought to remain invariant unlike, for example,
through the event horizon, it will not be seen to pass through
in black hole physics – where, depending on the coordinate
the boundary of the event horizon no matter the coordinate
system employed (and not the reference system – this is imsystem employed and the reference system to which the curportant), a particle can be seen to pass or not pass through the
rent situation is transformed into. In order for this, there is
Schwarzschild sphere for the same observer supposedly unneed for the affine connections to be tensors and this is what
der the same conditions of experience. Also the chronological
we shall try to achieve in the present – i.e. a geometry enordering of events is violated – i.e. the Law of Causality is not
dowed with tensorial affine connections. For completeness,
upheld.
self-containment and latter instructive purposes, in the next
For example, as first pointed out by the great mathematisubsection, we will take a look at the non-tensor affine concian, logician and philosopher Kant Gödel [35], in a rotatnections of Riemann geometry.
ing Universe, it is possible to travel back in time, invariably
meaning to say it is possible in principle to violate the Sec2.3 Affine connection
ond Law of Thermodynamics. Though the idea of time travel
is very fascinating and appealing to the mind, it is difficult Now, back to the main vein: the Principle of Equivalence is,
to visualize by means of binary logical reasoning how it can in the context of Riemann geometry, mathematically embodwork in the physical world as we know it. From intuition, ied in the equation:
the laws of Nature must somehow have deeply engraved and
gµν;α = gµν,α − Γδαµ gδν − Γδαν gµδ = 0
(2)
embedded in them the non-permissibility of time travel. We
believe that such illogical outcomes emerging out from a legitimate application of the laws of Nature can be solved if the where gµν is theλ metric tensor describing the geometry of
spacetime and Γµν is the affine connection. This affine congeometry of the Universe is built on tensorial affinities.
nection is obtained as follows (e.g. [36, pp. 59–60]): first we
write down two equations obtained by way of right-cyclically
2.2 Generalized Principle of Equivalence
permuting the µνσ-indices in (2) for the term gµν,σ , i.e.:
Therefore, in order to avoid physical absurdities emerging
from supposedly well-founded laws of Nature, we must de(3)
gµν;α = gµν,α − Γδαµ gδν − Γδαν gµδ = 0 ,
mand of our theories that “the physics” emerging from the
theory, that is to say, the physical state and the chronologi(4)
gµν;α = gµν,α − Γδαµ gδν − Γδαν gµδ = 0 .
cal ordering of events, must remain invariant – i.e. we must
extend the Principle of Equivalence to include the physical Second, we now subtract from (2) the sum of (3) and (4), and
state or physical description of events and as well the Law of use the symmetry of the connection (Γλµν = Γλνµ ) and as well


Causality. Because this must be universal and important, let of the metric (gµν = gνµ ) to obtain: gµν,α − gαµ,ν − gνα,µ +
us call the extended Principle of Equivalence, the Generalized
2gαδ Γδµν = 0, hence:
Principle of Relativity:


1
(5)
Γλµν = gδλ gδµ,ν + gνδ,µ − gµν,δ .
Generalized Principle of Relativity (GPR): Physi2
cal laws have the same form in all equivalent reference
systems independently of the coordinate system used
to express them and the complete physical state or
physical description of an event emerging from these

The affine connections play an important role in that they relate tensors between different reference systems and coordinate systems. Its drawback insofar as physical laws are con-
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cerned is that it is not a tensor. It transforms as follows:

is the controversial ad hoc Cosmological Constant term added
by Einstein [37] so as to stop the Universe from expanding.
∂xλ ∂2 xδ
∂xλ ∂xµ ∂xν δ
0
Einstein [37] was motivated to include the cosmological conΓ
+
.
(6)
Γλµ0 ν0 =
µ0
ν0
∂xδ ∂xµ0 ∂xν0 µν |∂xδ ∂x
stant because of the strong influence from the astronomical
{z ∂x }
extra term
wisdom of his day that the Universe appeared to be static and
thus was assumed to be so.
The extra term on the right makes it a non-tensor and without
In the later years of his scientific life while in hot pursuit
it, the Christoffel symbol would be a tensor. Most of the probof a unified field theory – according to his official scientific
lems facing the GTR can be traced back to the non-tensorial
biographer – Abraham Pais [38], Einstein would look at his
nature of the affine connections. Some of the problems will
equation (7) and compare the left-hand side with marble and
be highlighted in the succeeding section. Due to the nature
the right-hand side with wood, and he would admire the marof these affinities, the real problem is that in its bare form,
ble side calling it beautiful and splendour and, on looking at
Riemann geometry does not provide a way to determine perthe right-hand side, he would be filled with sadness whereby
missible and non-permissible coordinate and reference syshe would moan calling it ugly and loathsome. His prime and
tem transformations. The new hybrid geometry on which the
hence immediate goal therefore (see e.g. [39]) was to turn the
UFT being championed is built, does have a way to deterugly wood into beautiful marble.
mine permissible and non-permissible coordinate and referAll Einstein hoped for and wanted in his quest, was that
ence system transformations.
all the fields including the material field T µν , be derived from
pure geometry, rather than “glue” the two seemingly indepen2.4 Line element
dent parts (i.e. the curvature Rµν − Rgµν /2 and material tensor
Now, both the invariance and covariance of physical laws un- T ) via some mere constant κ . Einstein was extremely disµν
E
der a change of the coordinate system and/or reference sys- satisfied with this state of affairs [38] and thus hoped that a
tem transformation is, in Riemann geometry, encoded and/or theory would be found in the future where the material tensor
expressed through the invariance of the line element: ds2 = is derived directly from the geometry as a direct consequence
gµν dxµ dxν . The line element is a measure of the distance be- of the geometry itself. We must say, that, if our ideas prove
tween points in spacetime and remains invariant under any themselves worthy, it appears we have just managed to derive
kind of transformation of the reference system and/or the co- the material fields from the Resultant World Geometry.
ordinate system. This is the essence of the GTR. From this,
Einstein was able to deduce that gravitation is and/or can be
described by the metric tensor gµν thus, according to the Ein- 3 Present justification of gravitomagnetism
stein doctrine of gravitation, it (gravitation) manifests itself For example, take Maxwell’s Five Equations of Electrodyas the curvature of spacetime. Through his (Einstein) own namics [14] – i.e. the typical four equations that we are used
intuition and imagination, he was able to deduce that the cur- to involving the reciprocal E and B-fields plus the Law of
vature of spacetime ought to be proportional to the amount Conversation of Electric Charge and Current. Certainly, to
of matter-energy present in spacetime — a fact that has since a foremost theoretical physicist such as Paul Dirac (see e.g.
been verified by numerous experiments.
[40–42]), these equations are without doubt beautiful in every aspect of the word beauty; and to seal the matter, their
2.5 Einstein’s field equations
foundations are well verified and anchored in experience. But
The resulting gravitational law emerging from Einstein’s the- asking what is the fundamental basis for their existence led
sis stated above – namely that the curvature of spacetime José Heras [43] to the tangibly solid mathematical fact that
should be proportional to the amount of matter-energy present Maxwell’s equations [14] are nothing more than a consequence of the conservation of electronic charge. That is to say,
in spacetime – is:
what you need for the existence of Maxwell’s equations [14]
marble
is just the conservation of electric charge and current; nothing
z
}|
{
wood
z}|{
1
more and nothing less. Surely – to say that only the conservaκE T µν
(7)
Rµν − Rgµν + Λgµν =
tion of electronic charge and current is all that is needed for
|{z}
2
|
{z
}
ugly and loathsome
Maxwell’s Equations to exist – this is certainly deep, isn’t it?
beautiful and splendour
Given that the gravitational mass – which is responsiwhere κE = 8πG/c 4 is Einstein’s constant of gravitation, G = ble for gravitation – follows a similar law of conversation
6.67430(15) × 10−11 kg−1 m3 s−2 (CODATA 2018) is New- in the form of the conservation of mass-energy and momenton’s universal constant of gravitation, Rµν is the contracted tum, rather trivially, one can easily extend this to the gravRiemann curvature tensor, R is the Ricci scalar, and T µν = itational phenomenon and justify the need for gravitomag%g vµ vν + pgµν is the stress and energy tensor where %g is the netism. Heras [43] did not make this trivial and obvious exdensity of matter, p is the pressure, vµ the four-velocity, and Λ trapolation. In addition to this, we must say that we have not
0
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seen in the most recent literature any attempt to use Heras’
[43] existence theorem to justify gravitomagnetism. However, by way of analogy with the equations of electrodynamics given the similarity between Newton and Coulomb’s inverse square laws, Maxwell [14] and Heaviside [29, 30] already had introduced gravitomagnetism. Sadly, because of
lack of experimental backing, gravitomagnetism derived in
this way has largely been treated as an endeavour belonging
to the realm of pseudo-science, rather than science. Many
scientists that have followed in an effort to try and investigate
this gravitomagnetic phenomenon have struggled to shrug-off
the pseudo-science tag hanging at the nimbus of gravitomagnetism.
In the present section, we are going to give a brief exposition of Heras [43] and Behera’s [32] existence theorems.
These theorems are enough to convince sceptics that like electricity and magnetism, the gravitational phenomenon aught
to be described by a four-vector potential. In addition to
Heras [43] and Behera’s [32] existence theorems, this paper will add a purely geometric justification and this geometric justification follows the same geometric path as the
GTR wherein the gravitational phenomenon is described by
the metric. Because this demonstration – that we are going
to give of the geometric justification of gravitomagnetism –
uses the modern description of gravitation as a metric phenomenon, it certainly is not far-off in its outlook, vision and
conception with the modern idea of a metric description of
gravity. Surely, this aspect of the present ideas must – somehow – make the ideas propagated herein appeal to the reader.
In the next subsection, we shall give an exposition of Heras’
theorem [43].

Volume 16 (2020)

satisfy the following set of equations:
~ ·X
∇

=

α%e

(a)

~ ·Y
∇

=

0

(b)

=

0

(c)

=

β J~

(d)

~ × X + γ ∂Y
∇
∂t
β
∂X
~ ×Y−
∇
α ∂t

(9)

where α, β, γ are arbitrary positive constants and are related
to the speed of light c by the equation α = βγc 2 . In the
case of electricity and magnetism, if X and Y are identified
with the electric and magnetic fields respectively, then we will
have Maxwell’s classical equations [14] for electrodynamics
– in which case α = 1/ε, β = µ, and, γ = 1. Clearly, this
axiomatic and fundamental approach of deriving Maxwell’s
field equations [14] strongly suggests that electric charge and
current conservation – and nothing else – can be considered
to be the most fundamental assumption underlying Maxwell’s
equations [14] of electrodynamics. Next, we give an exposition of Behera’s [32] theorem.
3.2

Behera’s (2006) theorem

Using the Law of Conservation 0f Mass-Energy-Momentum
and the Poisson-Laplace equation (10), the endeavour of the
present section is to demonstrate – as Behera [32] did – that
much the same as the Coulomb electrical potential, the Newtonian gravitational potential %g has an associated vector field.
We shall denote this vector field by the symbol Ag and we
shall call it the gravitomagnetic vector potential and in short
we shall call it the g-magnetic vector potential. This fact that
we can associate %g with Ag has been known for a considerable amount of time now. That is, for more than a century
3.1 Heras’s (2007) existence theorem
(≥ 120 years), it has been known (since Heaviside [29, 30])
In a nutshell, Heras [43] formulated – what in our view is – a that the inclusion of a magnetic-like vector field in Newtonian
very important Existence Theorem that states that, given any gravitational theory can be justified from two immutable facts
space and time-dependent localized scalar and vector sources (see e.g. Behera [32]), i.e. from the Poisson-Laplace equation
satisfying the continuity equation – as is the case with electro- for gravitation, namely:
magnetism – there exists in general, two retarded vector fields
~ · ~g = −4πG%g
∇
(10)
(X, Y) that satisfy a set of four field equations that are similar
in nature and form to Maxwell’s equations. By applying the where ~g is the gravitational field intensity at a given point in
theorem to the usual electrical charge and current densities, the gravitational field, %g is the gravitational potential, and
the two retarded fields are identified with the reciprocal elec- from the equation of conservation of mass-energy and mo~ · J,
~ where J
~ = %g v, is the
tric (E) and magnetic (B) fields and the associated field equa- mentum, namely: ∂%g /∂t = −∇
tions with Maxwell’s equations [14], i.e.: X := E, Y := B.
momentum density with v being the velocity of the material
In brief, what Heras [43] proved is that if %e is the charge whose density is %g .
In order to see this, from (10) we know very well that:
density and J~ is the associated current corresponding to this
~ · ~g˙ ). Let us set: e
charge, i.e.:
%̇g = −(1/4πG) (∇
µ = 1/4πG, so that: %̇g =
˙
~
~ · ~g˙ . From
(1/4πG) (∇ · ~g) can now be written as: %̇g = −e
µ∇
∂%e
~
~
= −∇ · J ,
(8) this, it follows that:
∂t
!
∂%g
∂~g
~
~
~
= −∇ · J = −∇ · e
ε
,
(11)
then, there must exist two corresponding fields, X and Y, that
∂t
∂t
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Original Weyl geometry

"
#
∂~g ~
~· e
∇
ε
+ J = 0.
∂t

2φ
(12) By way of addition of a conformal factor e to the metric
2φ
gµν 7→ e gµν , Weyl [1] built his geometry by supplementing
Γλµν of Riemann geometry
Now, it is a bona fide mathematical fact that for any general the Christoffel affine connection
λ
with a tensorial affine Wµν :
~ = B(x),
~
vector say B
the following holds always:



~ ×B
~ 
 ∇
~ · 
 ≡ 0.
∇
 e
µ 

λ
Wµν
= gλµ Aν + gλν Aµ − gµν A λ ,

(16)

(13)

where Aµ is a four-vector that Weyl [1] had to define as the
electromagnetic four-vector appearing in Maxwell’s theory of
where e
µ is a constant – which, akin to the electromagnetic electrodynamics [14].
permeability (µ0 ) and permittivity (0 ) of free
In Weyl’s geometry [1] where the length of vector chanp space, we shall
define this constant e
µ is such that: e
c = 1/ e
µe
ε, where e
c is the ges from point to the next (see e.g. [33]), the new affine conspeed of gravity in free space. By comparing (12) and (13), it nection Γλµν (or Christoffel-Weyl connection) is given by:
follows that:
λ
~ ×B
~
Γλµν = Γλµν + Wµν
.
(17)
∂~g
∇
~ +e
= −J
ε .
(14)
e
µ
∂t
The transformational properties of the new Christoffel-Weyl
What this really means is that the gravitational field ~g has an affine connection Γλµν are identical to those of the original
~ Hence, one can make the Christoffel three-symbol Γλµν . So, from a “transformational
associated magnetic-like field B.
very bold conclusion that the very laws of Nature (10) and properties” (topological) standpoint, Weyl’s [1] addition is
~ ·J
~ invariably imply an associated magnetic-like justified.
∂%g /∂t = −∇
The versatile and agile Weyl [1] was quick to note that
field for the gravitational field. Following tradition, we shall
call this magnetic-like field the gravitomagnetic field and for this new Christoffel-Weyl affine (17) is invariant under the
following rescaling of the metric gµν and the four-vector Aµ :
short, we shall call it the g-magnetic field.
Now, (10) and (14) have a seductive and irresistible regµν 7−→ e2χ gµν
semblance with Maxwell’s source-coupled equations so much
,
(18)
so that for the brave that have set their mind on this, they have
Aµ 7−→ Aµ + κ0−1 ∂µ χ
proceeded without detouring to make a complete formal analogue with Maxwell’s equations [14], in which process, the where χ = χ(r, t) is a well behaved, arbitrary, smooth, differphenomenon known as gravitomagnetism found its original entiable, integrable and uniform continuous scalar function,
birth certificate. Therefore, as a complete set, the Field Equa- and κ0 is a constant with the dimensions of inverse length.
tions of Gravitomagnetism, are:
This constant κ0 has been introduced for the purposes of dimensional consistency, since we here assume that the four~ · ~g = −%g /e
∇
ε
(a)
vector Aµ and the true scalar χ are dimensionless physical
quantities.
~
Now, because Maxwell’s electromagnetic theory [14] is
~ × ~g = − 1 ∂B
∇
(b)
e
c ∂t
(15) invariant under the same gauge transformation which thefour~ ·B
~ = 0
vector Aµ has been subjected to in (18), the great mind of
∇
(c)
Weyl seized the golden moment and identified thisfour-vector
Aµ with the electromagnetic four-vector potential. Weyl went
~ ×B
~ = −e
~ + 1 ∂~g .
∇
µJ
(d)
e
c 2 ∂t
on to assume that the resulting theory was a unified field theory of gravitation and Maxwellian electrodynamics. Weyl’s
This completes our exposition of the non-geometric justifihopes where dashed – first, starting with Einstein’s lethal crication of gravitomagnetism. In the next section, we shall
tique of the theory. Later, others joined Einstein in their merfor self-containment and latter instructive purposes, present
ciless critique and dismissal of Weyl’s theory [1], where they
a brief exposition of Weyl’s theory [1] and in the penultimate
argued that despite its irresistiblegrandeurand exquisite beauthereof, we present our partial modification of it.
ty, Weyl’s theory [1] cannot possibly describe the measured
reality of our present world.
4 Weyl geometry
In §4.1, we give a brief exposition of Weyl’s geometry [1] and 4.2 New Weyl geometry
thereafter in §4.2, we present the New Weyl Geometry (NWG) Despite the many ingenious attempts (starting with e.g. Weyl
upon which the proposed gravitomagnetic theory is based.
[44, 45]) to rework and revive it over the course of time since
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The preservation of both the length and angle on the RWS
is attained by requiring that the affine connections of this
spacetime be tensors. As far as we can tell from our wide
ranging searches across the length, breath and depth of the
available literature on unified theories (cf. [56, 57]), with the
failure to obtain tangible results on this front, the idea of tensorial affinities as key to the attainment of a unified field theory seems to have naturally fallen on the wayside with very
few – if any – researchers taking it up. As one will be able
to judge for themselves and by themselves, the novelty of our
approach lies in our treatment of the unit vectors.
As pointed out in the instance of (18), to attain the desired
tensorial affinities, we noted that Weyl [1] had built his
Fig. 1: Parallel Transport: The vector V is parallel transported in a
closed circuit. Upon arrival at its original position, the vector is not very beautiful but failed unified field theory of gravitation and
equal to the original vector and this is a result of the curvature of the electromagnetism on a pseudo-Riemann spacetime that is invariant under the re-gauging of the metric from gµν to e2χ gµν :
space in question.
i.e. after the transformation gµν 7−→ e2χ gµν , the field equations of the resulting geometry or theory thereof remain units inception, and its apparent refusal to go away as evidenced altered provided the four-vector of his theory Aµ also underby the continued interest∗ in this beautiful geometry of Weyl went the following gauge transformation: Aµ 7−→ Aµ +κ0−1 ∂µ χ.
[1], it is a generally accepted view that as a basis for a phys- The mathematical structure of the resulting Weyl unified field
ical theory, Weyl’s [1] arcanely beautiful geometry exists be- theory, insofar as the properties of the affine connections is
yond redemption. This geometry is the geometry on which concerned, this theory – despite its elegant introduction of a
[1] made his attempt – the first such – on a UFT of the grav- four-vector field – has the same topological deformations as
itational and electromagnetic fields. Against this deeply en- the original Riemann spacetime.
trenched belief in the non-redeemability of the Weyl [1] geometry into something with a bearing and correspondence
with physical and natural reality, we made in [33] the endeav- 4.2.1 Riemann-Weyl metric
our of calling forth this theory out of the tomb where it was
λ
As already pointed out in §4.1, Weyl added a tensor Wµν
to
resting. In the present, we go further to give it a perdurable
λ
λ
e
the
Christoffel
three-symbol
Γ
,
that
is
to
say,
if
Γ
is
the
µν
µν
fresh breath of life.
new Christoffel symbol for the Weyl space, then:
As pointed out by e.g. Schrödinger and Einstein [3, 5–7]
and is well known, is that – tensorial affine connections preλ
e
Γλµν = Γλµν + Wµν
.
(19)
serve both the length and direction of a vector upon parallel
transport. The Christoffel symbols of Riemann geometry preλ
Because Wµν
is a tensor, the fundamental transformational
serve only the length and the angle changes from one point
Γλµν are the
the next and this is where the issue with Einstein’s GTR [55] properties of the new Christoffel three-symbol e
λ
lies. Preservation of both the length and angle of a vector same as the old Christoffel three-symbol Γµν ; therefore, the
upon parallel transport has always been known to be a funda- Weyl space inherits the same topological and structural demental key to the attainment of a truly generalized Theory of fects and problems of the Riemann spacetime – that is, problems to do with non-tensorial affinities.
Relativity [56, 57].
In [33], for the metric of the RWS gµν , instead of making
The proposed RWS is a spacetime which preserves both
it
conformal
only at the instance of a gauge transformation,
the length and direction of a vector upon parallel transport.
we
chose
that
it (gµν ) be intrinsically and inherently conforAs shown in Fig. 1, say the vector V is transported in a closed
0
mal.
That
is
to
say, the fundamental metric gµν of the RWS be
circuit such that it returns to its original position and V is the
such
that
g
=
% gµν , where gµν remains as the metric of the
µν
resulting vector after parallel transport; in normal Riemann
0
usual
Riemann
spacetime
and this metric is what is used on
geometry, while |V| = |V |, the angle δθ between these two
the
RWS
to
raise
and
lower
the Greek indices (µν . . . ) just as
vectors, while it can in some cases equal zero, is not neces0
happens
in
normal
Riemann
spacetime. In Weyl’s theory [1],
sarily zero i.e. V · V , 0. However, on the RWS, we have for
the
function
%
is
a
scalar.
However
in [33], this function takes
all points of space and time on this spacetime the constraints
0
0
a
decisive
new
role:
.
.
.
it
(the
scalar
χ) must – for better or
|V| = |V | and V · V = 0: i.e. both the length and direction of
for
worse,
yield
in
the
favour
of
our
desideratum
– i.e. it must
a vector are preserved upon parallel transport of any vector.
yield for us nothing but tensorial affinities. This is our quest,
∗ See e.g. [46–54].
desire and uncompromising demand.
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Thus, in recasting Weyl’s theory [1] so that it overcomes
once and for all-time Einstein’s criticism, we will not take
the traditional route that was taken by Weyl [1] because in so
doing, we will fall into the same trap which the great Weyl
fell victim to. At our point of departure, we wave goodbye
to Riemann geometry and efferently prepare to embrace a totally new geometry, a hybrid Riemann geometry which has
the same feature as Weyl [1], less of course the change of
length of vectors under transformations or translations. The
route that we are about to take is equivalent and the reason
for changing the sails is that the present route allows us to
demonstrate later how Weyl would have overcome Einstein’s
critique that gave the theory a still birth. Actually, this route
allows us to pin down exactly where Weyl’s theory [1] makes
an unphysical assumption.

to Vµ as follows:
Vµ0 =

Pseudo-scalar and affine vector

In mathematics – linear algebra in particular – a pseudo-scalar is a function which upon a transformation of the coordinate system behaves like a true scalar – albeit – upon a parity transformation, it changes sign (see e.g. [58, 59]). A true
scalar does not do this, it remains invariant. As has already
been made clear in the exposition of Weyl’s theory [1] is the
fact that one of the most powerful ideas in physics is that
physical laws do not change when one changes the coordinate
system used to describe these physical laws. The fact that a
pseudo-scalar reverses its sign when the coordinate axes are
inverted clearly suggests that these objects are not the best
objects to describe a physical quantity, as this could percolate
to the physical laws themselves.
Now, because we want to introduce a new kind of pseudoscalar that will help us in our endeavours to obtain tensorial
affinities, in order to distinguish this new and soon to be defined pseudo-scalar from the above described pseudo-scalar,
we shall call the above described pseudo-scalar a pseudoscalar of the first kind, and the new pseudo-scalar to be defined shortly, a pseudo-scalar of the second kind. To that end,
we shall hereafter start off by defining a “new” mathematical
object, Vµ , that we shall call an affine vector. This quantity,
Vµ , is the derivative of the dot-product of an arbitrary fourvector Bλ and the (non-arbitrary) four-position xλ i.e.:
Vµ =
where:

∂µ S
= ∂µ ln S
S

S = Bδ x δ .

From (20) and (21), it follows that:
Vµ = Bµ +

x δ ∂µ B δ
.
S

(23)

Riemann-Weyl covariant derivative

Taking into account the above defined pseudo-scalar of the
second kind, as we consider the Riemann-Weyl covariant derivative, we will begin with the usual Riemann covariant derivative gµν;σ = 0 of Riemann geometry. As already alluded,
the condition gµν;σ = 0 is the foundation stone of Riemann
geometry. We will uphold this covariant derivative condition
under the Weyl conformal transformation gµν 7−→ gµν = %gµν
of the metric i.e. gµν;σ = 0. Likewise, the condition gµν;σ =
0 is to be taken as the foundation stone of the new hybrid
Riemann-Weyl geometry. Written in full, the equation gµν;σ =
0 is given by:
"
#
!
∂σ %
gµν;σ = % gµν,σ + gµν
− gµδ Γδνσ − gδν Γδµσ = 0
%

(24)

where the “bar” on Γλµν has been put so that it is made clear
that this affine is neither the Christoffel symbol nor the usual
Weyl connection, but is the new hybrid Riemann-Weyl connection. In conformity with the definition of a pseudo-scalar
of the second kind given in (21), we shall at this point set or
define the %-quantity as:
% = −2Jδ xδ

(25)

where Jσ is the (gravitational) four-current density. With this
definition for %, it follows that (24) will reduce to:

(20)

gµν,σ − gµδ Γδνσ − gδν Γδµσ = 2 (Jσ + Qσ ) gµν

(26)

δ
δ
δ
(21) where Qσ = x ∂σ Jδ /% = x ∂σ Jδ /Jδ x . As is the case with
Weyl’s original geometry [1], the covariant derivative gµν;σ
does not vanish since gµν;σ , 0.

(22)

Clearly, upon a coordinate and/or transformation of the reference system, the vector-like quantity Vµ0 = ∂µ0 S 0 /S 0 is related
80

∂xδ
∂2 x δ
.
0 Vδ +
µ
∂x
∂xµ0 ∂xΩ0

From (23), we see that the quantity Vµ transforms like the
affine tensor hence our calling it – affine vector. The scalar
S in (21) is what we shall define as a pseudo-scalar of the
second kind. Such a scalar has the property that its fourposition derivative is not a four-vector as one would expect
in the case of a true scalar. In the next section, we shall now
consider the Riemann-Weyl covariant derivative in the light
of the new mathematical object that we have just defined –
i.e. the pseudo-scalar of the second kind.
4.2.3

4.2.2

Issue 2 (October)

4.2.4

Calculation of the Riemann-Weyl affine

Now – we have to calculate the resulting affine connections
and for this, we have to write down the three expressions that
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then it follows and goes without saying that the object Γλµν
will clearly be a tensor. Because Qµ is an affine vector, the
Q -tensor will transform as desired, that is, as given in (34),
gµν,σ − gµδ Γδνσ − gδν Γδµσ = 2 (Jσ + Qσ ) gµν (a)
hence the object Γλµν will be a tensor as desired. What this all
means is that Q is a pseudo-scalar and not a pure scalar. This
gσµ,ν − gσδ Γδµν − gδν Γδσµ = 2 (Jν + Qν ) gσµ (b) (27) is exactly what we did in [33]. Therein [33], we achieved this


by forcing Qµ to yield in the favour of our desires and transgνσ,µ − gνδ Γδσµ − gδµ Γδνσ = 2 Jµ + Qµ gνσ (c)
form as an affine vector as defined in §4.2.2. The resulting
theory
that one can build from this NWG has been presented
As usual, subtracting from (27) (a) the sum of (27) (b) and (c),
in
[33]
and, in the present paper, it is this same theory that we
λ
and making use of the symmetries of gµν and Γµν (i.e. gµν =
are now improving on.
λ
λ
gνµ and Γµν = Γνµ ), one obtains:
As one can verify for themselves, this theory of [33] proh
i
duces
field equations that we are already familiar with – i.e.
gµν,σ − gσµ,ν − gνσ,µ + gσδ Γδµν + gδν Γδσµ =
the Maxwell equations [14]. At this stage of the development
(28)
h


i
of the theory – whether or not the resulting theory is correct
= 2 (Jσ + Qσ ) gµν − (Jν + Qν ) gσµ − Jµ + Qµ gνσ .
– what is important for the reader to appreciate – as has just
Contracting the σ-index in (28) by multiplying (28) through- been here demonstrated thus far – is that a tensorial affine
out by gσλ and thereafter resetting this σ-index to δ, we ob- theory can be attained. The problem suffered by Weyl’s theory [1] does not apply to the NWG.
tain:
result from an anti-clockwise cyclic permutation of the indices µ, ν and σ in gµν,σ , i.e.:

h
i
− gδλ gδµ,ν + gνδ,µ − gµν,δ + 2Γλµν =
h


i
− 2gδλ (Jν + Qν ) gδµ + Jµ + Qµ gνδ − (Jδ + Qδ ) gµν ,

5 Theory
(29) We here lay down our theory. What makes the present work
different from the preceding works in [8–10] is that the present work incorporates the new results from various research
hence:
that we have conducted. Because we shall at five instances
λ
λ
Γλµν = Γλµν − Wµν
− Qµν
,
(30)
(i.e. (37), (44), (79a), (79b), and (79c] need to do some gauge
λ
where Γµν is the usual Christoffel three-symbol given in (5), fixing, we shall start off by addressing this issue of gauge
fixing, i.e. within the context of the present work.
and
λ
λ
λ
λ
Wµν = g µ Jν + g ν Jµ − gµν J
(31)
5.1 Gauge fixing
is the (redefined) Weyl tensor, and the new non-tensorial obIn the physics of Gauge Theories, gauge fixing (also called
ject:
λ
λ
λ
λ
Qµν = g µ Qν + g ν Qµ − gµν Q
(32) choosing a gauge) denotes a mathematical procedure for coping with redundant degrees of freedom in the field variables.
is a new affine connection that is defined thereon the hybrid The introduction of a gauge effectively reduces the number of
Riemann-Weyl space and its purpose is to allow the hybrid degrees of freedom of the theory. In the present expedition,
Riemann-Weyl affine Γλµν to be a tensor. Let us call this affine we shall need the fixing of the gauge and this fixing shall be
the Q -affine connection or simply the Q -affine. The geometry done in such a manner that one seeks to obtain equations that
that we have just described is what we shall call the New Weyl are congruent with reality. That is, equations that we are alGeometry (NWG).
ready used to know. We shall identify two types of gauges,
i.e.:
4.2.5 Transformation of the Riemann-Weyl affine
1. Natural Gauge: A natural gauge shall here be understood
Now from (6), we know that the old Christoffel three-symbol
Γλµν transforms as follows:
∂xλ ∂xµ ∂xν δ
∂xλ ∂2 xδ
=
Γ
+
0
0
µν
∂xδ ∂xµ ∂xν
∂xδ ∂xµ0 ∂xν0
0

0
Γλµ0 ν0

0

(33)

λ
and that Wµν
is a tensor, hence, it transforms like a tensor.
0
Verily, if the Q -affine Qµλ0 ν0 were to transform just as the Chris0
toffel three-symbol Γλµ0 ν0 , as follows:

∂xλ ∂xµ ∂xν δ ∂xλ ∂2 xδ
Q +
,
=
∂xδ ∂xµ0 ∂xν0 µν ∂xδ ∂xµ0 ∂xν0
0

0
Qµλ0 ν0

0

(34)

as an exogenous constraint the theory must satisfy in order
to meet a global physical requirement. For example, in the
present pursuit, we seek a theory based on a spacetime which
is such that the magnitude and direction of a vector (tensor)
upon parallel transport remains unaltered by the act or procedure of parallel transport of the vector on this spacetime.
So, the gauge fixing that will lead us to the attainment of this
global symmetry, we shall call a natural gauge or – alternatively – an exogauge constraint.
2. Gauge Constraint: A gauge constraint shall here be understood as an endogenous constraint the theory must satisfy in
order to yield equations that are congruent with reality as we
are used to know. For example, in the present pursuit, we
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means that we have just rid ourselves of the troublesome nonlinear terms in the Riemann tensor (38), because with this
beautiful and elegant choice (37), the non-linear terms now
vanish identically to become but footnotes of history. The
justification for this choice of gauge will become clear later
Each time we encounter a natural gauge(exogauge constraint) when we derive from this tensor (38), the Maxwell equaor a gauge constraint (endogauge constraint), we shall make tions [14] that we are used to know – albeit this time, these
a clear indication of this.
equations are being derived not for the electrodynamic phenomenon, but for the gravitodynamic phenomenon. In the
5.2 Hybrid Riemann-Weyl tensor
next subsection, we will redefine the Riemann metric gµν in
From Fig. 1, if say we have a (four-) vector vλ and we parallel terms of the four-vector field Aµ via the decomposition of the
transport it along a closed circuit ABCD in the order (A 7−→ metric.
B) then (B 7−→ C) then (C 7−→ D) and then finally (D 7−→ A),
if the space in question has a non-zero curvature, upon arrival 5.4 Decomposition of the metric tensor
at its original location, while the length of this vector may be A key feature of the present theory, as well as the previous
equal to the length of the original vector, its direction will at versions of it as given in [8–10], is that of the decomposition
the very least be different. The infinitesimal changes of this of the metric tensor. The Riemann metric g is a compound
µν
vector’s direction and length along these paths (see e.g. [10, rank two tensor field symmetric in the µν-indices and because
for details of the derivation]), are:
of this symmetry, it consists of ten independent functions. In
seek a theory that will at least yield field equations that are
similar to Maxwell’s equations [14]. So, the gauge fixing
that will lead us to the attainment of such equations, we shall
call a gauge constraint or – alternatively – an endogauge constraint.

dvλ = Rλµσν vµ daν dbσ ,
where:
linear terms

Rλµσν

the present, the components of the metric tensor gµν are a
product of the components of a four-vector field Aµ , thus –
this metric consists of four independent functions instead of
ten as is the case in pure Riemann geometry.
The covariant Aµ and contravariant A µ four-vectors are
(36) here to be defined as follows:
(35)

z }| {
= Γλµν,σ − Γλµσ,ν + Γλδσ Γδµν − Γλδν Γδµσ .
|
{z
}
non−linear terms

Aµ = (A µ )†

(39)

is the Hybrid Riemann-Weyl Tensor.

where the dagger-operation (†) is the usual transpose-complex-conjugate operation applied to the object in question† ,
5.3 Linear Riemann tensor
while the covariant gµν , contravariant gµν and mixed covariGiven that we have attained a geometry with tensorial affini- ant and contravariant metric g ν , gµ ν tensors are defined in
µ
ties, it goes without saying that – insofar as the beleaguering terms of the covariant Aµ and contravariant A µ four-vectors
problems besieging pure Riemann geometry is concerned – as follows:
now is our time to reap the sweet fruits of our hard labour
i.e. it is time to take the fullest advantage of the tensorial nagµν = Aµ Aν ,
gµν = Aµ A ν ,
(40)
ture of the affinities. We now have at our disposal the mathgµν = A µ A ν ,
gµν = A µ Aν .
ematical and physical prerogative, legitimacy and liberty to
choose a spacetime where the non-linear terms do not vanµ
ν
ish identically i.e. Γλµν , 0, but are bound by the gauge con- The mixed covariant and contravariant metric gµ and g ν tensors are in Riemann defined such in terms of the covariant gµν
straint∗ :
and contravariant gµν as follows:
Γδµν Γλδσ = Γλδν Γδµσ .
(gauge constraint)
(37)
gµν = gµδ gδν = Aδ A δ gµ ν = gδδ gµ ν = δµν
(41)
Clearly, from this, the resulting Riemann tensor becomes lingµν = gµδ gδν = A δ Aδ gµ ν = gδδ gµ ν = δµν
ear, i.e.:
Rλµσν = Γλµν,σ − Γλµσ,ν .
(38)
where δµν and δµν are the usual Kronecker-Delta functions.
Just like that, we have thrown the non-linear terms out of our From (41), it follows that:
sight once and for all-time.
gδδ = Aδ A δ = gδδ = A δ Aδ = 4 .
(42)
Clearly and without any doubt, this fact that we have chosen a spacetime that is governed by the gauge constraint (37),
∗ This

gauge constraint allows us to obtain linear equations. This constraint is made possible by the fact that the affine connections are tensors.

82

† The four-vector A can either be a 4 × 4 or zero rank object. We are not
µ
sure at the moment which is which. If it turns out that Aµ is a zero rank object,
then the dagger-operation simple reduces to a complex-conjugate operation.
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On this new Riemann-Weyl spacetime, the usual raising and where:
Rλµσν = Γλµν,σ − Γλµσ,ν
(a)
loweringof the indices applicable in Riemanngeometryholds,
i.e.:
λ
λ
λ
Wµσν
= Wµν,σ
− Wµσ,ν
(b)
(46)
Vµ = gµδ V δ = gµ δ Vδ
λ
.
(43)
λ
λ
Qµσν
= Qµν,σ
− Qµσ,ν
(c)
V µ = gµδ Vδ = gµ δ V δ
are the linear Riemann curvature tensor (46a), the linear Weyl
With the metric now having been redefined and its nature curvature tensor (46b), and the linear Q -curvature tensor
regarding the lowering and raising of indices, and that the (46c) or simply the Q -tensor.
length of the four-vector Aµ is four units throughout all spaceAn excogitative inspection of the Riemann curvature tentime, we will proceed in the next subsection to deduce the first sor will clearly reveal that this tensor is a function of the fourset of the field equations.
vector field Aµ , i.e. Rλµσν = Rλµσν (Aα ), while the Weyl and
λ
λ
the Q -tensors are functions of %, i.e. Wµσν
= Wµσν
(Jα ) and
5.5 Field equations
λ
λ
Qµσν = Qµσν (%). The Q -tensor is a direct function of % while
Having set the stage, we shall now proceed to write down the the Weyl tensor is not – remember (25) that Jα = − 12 ∂α %,
λ
λ
hence, as said Wµσν
= Wµσν
(%). Why are we talking of the
resulting field equations.
functional dependence of these tensors?
The reason for excogitating on the functional dependence
5.5.1 Field equations I
of these tensors is that we not only want to, but shall identify
If both the length and angles are to remain unaltered upon the Riemann curvature tensor as describing Einstein’s beauparallel transport, this can only happen if the curvature tensor tiful marble that, in Einstein’s vision and desideratum, is described by the metric tensor gµν ; while the Weyl curvature
Rλµσν vanishes at all points of this spacetime, i.e.:
tensor and the Q -curvature tensor describe Einstein’s ugly
wood – albeit – varnished (polished) wood this time around
λ
Rµσν = 0 . (natural gauge)
(44)
since the field % is later to be identified with the beautiful –
albeit – arcane quantum mechanical object, namely the quanEq. (44) is a natural equation of the geometry; it emanates
tum probability amplitude.
from the hypothesis of requiring that both the length and anAfter the above deliberations, it therefore makes much
gles are to remain unaltered upon parallel transport. In gensense
to house the Weyl curvature tensor and the Q -curvature
eral, the affine Γλµν is non-vanishing, i.e. Γλµν , 0. So, the
tensor under one roof since they constitute the material tensor.
present Hybrid Riemann-Weyl Spacetime (HRWS) is a curvatTo that end, let us represent the sum total material curvature
ure-less space because vectors maintain or preserve both their
λ
tensor using the symbol Tµσν
where:
length and orientation under parallel transport. Embedded or
cojoined in this HRWS curvature tensor Rλµσν are the Riemann
λ
λ
λ
Tµσν
= Wµσν
+ Qµσν
.
(47)
curvature tensor Rλµσν and the geometrically derived material
λ
tensor Tµσν
. Because of the vanishing nature of HRWS cur- With the above definition (47) of the material tensor, it folvature tensor Rλµσν , together with its linear nature (see §5.3), lows that the Riemann-Weyl curvature tensor Rλµσν can now
we will in the next subsection use these facts to unbundle be written as an object comprising two main tensors expressλ
)
the Riemann curvature tensor and the material tensor, thereby ing the fields (Rλµσν ) and their corresponding material (Tµσν
achieve what Einstein desired but failed to achieve – i.e. a counterpart:
λ
Rλµσν = Rλµσν − Tµσν
.
(48)
material field derived from pure geometry.
What we have done – from (45) to (48) above – is to indulge
and cajole the reader to the idea of envisioning the Riemann5.5.2 Field equations II
Weyl tensor in Einstein’s vision of a marble and wood comNow that we have a theory linear in the curvature tensor – ponent, albeit, with the wood now recast into its quantum mei.e. a theory in which the non-linear terms vanish – we can chanical description.
λ
use this to separate the Weyl terms Wµσν
from the Riemann
Now, from (44) and (48), it follows that:
λ
λ
terms Rµσν and as well from the Q -tensor Qµσν
. That is, we
λ
Rλµσν = Tµσν
.
(49)
can now rewrite the linear Riemann-Weyl curvature tensor
λ
Rµσν as is given in (38) as follows:
At this point – if it turns out that this theory proves to be a cor

rect description of physical and natural reality as we know it –
λ
λ
Rλµσν = Rλµσν − Wµσν
+ Qµσν
(45)
we have no doubt in our mind that if Einstein were watching
|
{z
}
λ
from above or from wherever in the interstices of spacetime,
Tµσν
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he must be smiling endlessly because his lifelong endeavour
was to derive∗ the material tensor from pure geometry and not
to insert it by sleight of mind as he did with his gravitational
field (7). In-line with Einstein’s deepest quest and longing
insofar in attaining a final UFT of all the forces of Nature,
we have in the present derived the material tensor from pure
geometry.
As we saw previously in §2.5, Einstein’s ultimate goal
was to turn wood into marble so to speak, which meant deriving the material field from pure geometry. Einstein wanted to
find the final theory; this he pursued to the very end of his life
to a point that while on his deathbed on April 18, 1955, instead of worrying about the imminent end of his fruitful life,
he asked for a pen and his notes so that he could continue to
work on the unified field theory that he was working on at the
time. It is sad to say that Einstein never laid a fertile egg on
this front – i.e. the front of unification.
Be that as it may, it is without an iota of doubt that we say
that if what is before us proves itself to have a correspondence
with physical and natural reality, then we can safely say we
have achieved one of Einstein’s goals to attaining the “elicit
dream of a Final Theory” by deriving the material tensor from
pure geometry – wood, one way or the other, has finally been
turned into marble! This we are certain has been achieved
in the present UFT. The only question is, Does the theory
correspond with physical and natural reality? This we leave
in the able hands of our reader so that they may be their own
judge on that very important matter.
5.5.3

Field equations III

5.5.4

Issue 2 (October)

Field equations IV

Second Voss-Bianchi Identities: Furthermore, we are going
to derive our last set of field equations. We know that the
Riemann curvature tensor satisfies the second Voss-Bianchi
identity, namely:
Rλυµσ,ν + Rλυνµ,σ + Rλυσν,µ ≡ 0 .

(52)

From this second Bianchi identity and as well from (49), it
follows that:
λ
λ
λ
Tυµσ,ν
+ Tυνµ,σ
+ Tυσν,µ
≡ 0.

(53)

In the next section, we shall explore (49), (50), (51), (52) and
(53), and from these equations, we shall see that one is able
to obtain field equations that we are already familiar with.
Before we depart this section, we must say that while we have
λ
shown that the material tensor Tυµσ,ν
does satisfy the Vossλ
λ
Bianchi identities, the subcomponents (Wυµσ,ν
; Qυµσ,ν
) of this
tensor also satisfy the Voss-Bianchi identities, i.e.:
λ
λ
λ
Wµσν
+ Wνµσ
+ Wσνµ

≡

0

(a)

λ
λ
λ
Qµσν
+ Qνµσ
+ Qσνµ

≡

0

(b)

λ
λ
λ
Wυµσ,ν
+ Wυνµ,σ
+ Wυσν,µ

≡

0

(c)

λ
λ
λ
Qυµσ,ν
+ Qυνµ,σ
+ Qυσν,µ

≡

0

(d)

(54)

where in (54a,b) and (54c,d), we have the first and second
λ
λ
respectively.
and Qυµσ,ν
Voss-Bianchi identities of Wυµσ,ν
6

Affine, Riemann and the material tensor

First Voss-Bianchi Identities: Further, we shall derive other
field equations. We know that the Riemann curvature tensor
satisfies the first Voss-Bianchi† identity, namely:

In the present section, we are going to calculate or express
the affine tensor Γλµν , the Riemann tensor Rµν , and the material tensor Tµν in terms of a Maxwell field tensor Fµν . This
λ
λ
λ
Rµσν + Rνµσ + Rσνµ ≡ 0 .
(50) exercise is meant to prepare us for the work to be conducted
in §7 where we are going to write down our desired Maxwell
From this first Bianchi identity and as well from (49), it fol- Gravitomagnetic Field Equations.
lows that:
λ
λ
λ
Tµσν
+ Tνµσ
+ Tσνµ
≡ 0.
(51) 6.1 Affine tensor
(5) that the affine connection Γλµν is
In the next subsection, we present the second Voss-Bianchi We already know from


such that 2Γλµν = gδλ gδµ,ν + gνδ,µ − gµν,δ , and from the preidentity.
sent new findings that the decomposed Riemann metric tensor
∗ Here, we must hasten to say that we have not exactly derived the mais such that gµν = Aµ Aν . What we want – and will – do here is
λ , but merely justified its physical existence on the funterial tensor field Tµσν
damental basis of the need for tensorial affinities. Thus, this material field to substitute the decomposed metric into the affine wherefrom
is not only justifiable on a fundamental physical level, but very much a part we expect to obtain the usual Maxwell-type field tensor of
and parcel of the whole edifice of the marvellous structure of the spacetime
electromagnetism. To that end, we substitute the metric into
continuum.
† In the wider literature – if not every common text where these identithe affine and then differentiate this metric as required by the
ties are considered – they are referred to as the Bianchi Identities after the differentials in the affine – doing so, we obtain:
Italian mathematician – Luigi Bianchi (1856-1928) who published them in
1902 [60]. However, the reality to the matter is that these identities were first
derived and published by the German mathematician Aurel Voss (1845-1931)
in 1880 [61]. Hence, keeping matters in their correct historic record and perspective, and to give due credit and acknowledgement of the work of Aurel
Voss, we herein refer to these identities ((50) and (52)) as the Voss-Bianchi
Identities.
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Term I

2Γλµν

Term II

Term III

δλ

h z}|{ z}|{ z}|{
= g Aδ Aµ,ν + Aµ Aδ,ν + Aδ Aν,µ +
i
+ Aν Aδ,µ − Aµ Aν,δ − Aν Aµ,δ .
|{z} |{z} |{z}
Term IV

Term V

(55)

Term VI
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that will yield for us the desired Maxwell-type field tensor of
electromagnetism.
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and:

1 λ
A Ωµν .
(66)
2
λ
λ
1. Terms II and V: Combining Term II and Term V, we will The object Γ̆µν is a tensor while Ωµν is not, for, upon a transformation of the system of coordinates, this affine Ωλµν transhave:

Aµ Fδν = Aµ Aδ,ν − Aν,δ
(56) forms in the exact same manner as the Christoffel symbols
(see (6)), that is, it transforms as follows:
where:
Fδν = Aδ,ν − Aν,δ

Ωλµν =

(57)

∂xλ ∂2 xδ
∂xλ ∂xµ ∂xν δ
.
0
0 Ωµν +
δ
µ
ν
∂x ∂x ∂x
∂xδ ∂xµ0 ∂xν0
0

Ωλµ0 ν0 =
0

is the gravitomagnetic field tensor. This tensor (57) is our desired Maxwell-type field tensor of electromagnetism – albeit
– this time – as per our desire – it is appearing in the equations
of gravitation and not electromagnetism.

0

(67)

In the next subsection, as we continue to work toward the
writing down of the resultant field equations, we shall express
2. Terms IV and VI: Further, combining Term IV and Term VI, the Riemann tensor in terms of the gravitomagnetic Maxwelltype tensor Fµν .
we will have:


Aν Fδµ = Aν Aδ,µ − Aµ,δ

(58)

where – as in (57):

6.2

Riemann tensor

We are not only going to express the Riemann tensor in terms
of the gravitomagnetic Maxwell-type field tensor Fµν but decompose this tensor into three tensors. To that end, we will
is the same gravitomagnetic field tensor – the only difference
start-off by substituting the newly re-expressed Christoffel
is the interchange of the indices.
affine in (64) into the linear Riemann tensor (46a); so doing,
3. Terms I and III: Lastly, combining Term I and Term III, we
we obtain:
Fδµ = Aδ,µ − Aµ,δ

(59)



Aδ Ωµν = Aδ Aµ,ν + Aν,µ

(60)

will have:

Rλµσν = Γ̆λµν,σ − Γ̆λµσ,ν + Ωλµν,σ − Ωλµσ,ν

where – this time:

= R̆λµσν + Ωλµσν
Ωµν = Aµ,ν + Aν,µ

(61)

is not a gravitomagnetic field tensor, but some non-tensorial
object that will prove to be absolutely essential and necessary
in the generation of the source-free Maxwell-type equations
for gravitomagnetism.

From the foregoing, it follows from (57), (59) and (61), that:
Γλµν =

i
1 δλ h
g Aµ Fδν + Aν Fδµ + Aδ Ωµν .
2

(62)

Now, multiplying the terms in the square bracket by gδλ , the
meaning of which is that we have to raise the δ-index in these
square brackets and reset it so that it now equals λ, i.e.:
Γλµν =

i
1h
Aµ Fλ ν + Aν Fλ µ + A λ Ωµν .
2

(63)

where:

Ωλµσν = Ωλµν,σ − Ωλµσ,ν

where:
Γ̆λµν


1
=
Aµ Fλ ν + Aν Fλ µ
2

(69)

are tensors. The reader will need to verify for themselves that
– indeed – these objects are tensors.
Further, we will express R̆λµσν in terms of the field tensor
Fµν by substituting Γ̆λµν as it is given in (65); so doing, one
obtains:

1
R̆λµσν =
Aµ Fλ ν,σ + Aν Fλ µ,σ −
2

1
−
Aµ Fλ σ,ν + Aσ Fλ µ,ν +
2

1
(70)
+
Aµ,σ Fλ ν + Aν,σ Fλ µ −
2

1
−
Aµ,ν Fλ σ + Aσ,ν Fλ µ
2
= Ŕλµσν + R̀λµσν

In (63), we most importantly have expressed the Christoffel
affine in terms of the Maxwell field tensor Fµν . In the next
section, we shall proceed to express the Riemann tensor in
where:
terms of the same Maxwell field tensor Fµν .
For the purposes of convenience in the coming computations to be made in the subsequent sections, we shall write
down the Christoffel affine (i.e. (63)), as follows:
Γλµν = Γ̆λµν + Ωλµν

R̆λµσν = Γ̆λµν,σ − Γ̆λµσ,ν

(68)

(64) and:

(65)
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1
Aµ Fλ ν,σ + Aν Fλ µ,σ
2

1
−
Aµ Fλ σ,ν + Aσ Fλ µ,ν
2

(71)


1
Aµ,σ Fλ ν + Aν,σ Fλ µ −
2

1
−
Aµ,ν Fλ σ + Aσ,ν Fλ µ
2

(72)

Ŕλµσν =

R̀λµσν =
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are tensors. Once again, the reader will need to verify for
themselves that these objects are indeed tensors. Therefore,
from (68) and (70), it follows that:

7

Resultant field equations

Just as we have decomposed the Riemann curvature tensor
into three parts in (73), we are now going to decompose the
λ
material curvature tensor Tµσν
into three parts by decomposλ
. To
ing into two parts, the linear Weyl curvature tensor Wµσν
that end, decomposing the Weyl part of the material tensor
field by differentiating the products gλµ Jν , we obtain that:

Eq. (78) is the single most important equation of our theory
and it is out of this equation that we are to derive the rest of
the field equations of the theory. The setting up of the said
field equations of the theory we shall do by way of introduction of the appropriate gauge constraints. If it were us creating the Universe out of (78), how were we going to proceed to
accomplish this monumental task? Our thinking is that a term
on the left-hand side in (78) has a corresponding term on the
right. Therefore, if our said thinking is reasonable or correct,
then our task to finding the sought-for field equations is simply to correctly match the left- and right-hand side terms in
(78). If the choice we make turns out to describe our Universe
as we know it, then this choice will somehow be the choice
that has been made in creating the Universe! This should give
us a foothold in seeking answers to some of Einstein’s deep
philosophical questions about the creation of the Universe.
With regard to the creation of the Universe, Einstein is famously quoted as having said I want to know the mind of God
... whether or not He had a choice in making the Universe
and on a different occasion, as having said When I am judging a theory, I ask myself whether, if I were God, I would have
arranged the World in such a way. [62]. These are very deep
questions that Einstein was asking about physical and natural reality. Using Einstein’s words as a source of inspiration,
strength and guidance, we find ourself asking How are we to
construct the resulting field equations from (78)?
It is with great equanimity that we say that we are of
the veritable standpoint that the first term (labelled L I) on
the left-hand side of (78) corresponds to the first term on the
right-hand side (labelled R I); that, the second term on the left
(labelled L II) corresponds to the second term on the righthand side (labelled R II); and, likewise, that, the L III term
corresponds to the R III term, i.e.:

Having calculated in (73) and (77), the Riemann and the material curvature tensors into a form that allows us to exeλ
λ
λ
λ
Rµσν = Ŕµσν + R̀µσν + Ωµσν .
(73) cute the main business of the day of deriving (deducing) the
source-coupled and source-free field equations respectively,
In (73), we have – as desired – not only re-expressed the Rie- we are going to start by writing main field (49) with the demann tensor, but decomposed it into three part tensors. Now coupled Riemann and the material curvature tensors, i.e.:
– in the next subsection, we will conduct the same exercise
varnished wood
marble
}|
{
z
}|
{ z
with the material tensor. All this re-expression and decomλ
λ
λ
λ
λ
λ
Ŕ
+
R̀
+
Ω
=
T́
+
T̀
+
Q
(78)
position is all gearing up for the derivation of the result field
µσν
µσν
µσν
µσν
µσν
µσν .
|{z}
|{z}
|{z}
|{z}
|{z}
|{z}
equation of the theory.
L II
L III
R II
R III
|L I
{z
} |R I
{z
}
λ
λ
Rµσν (Aα )
Tµσν (%)
6.3 Material tensor



λ
Tµσν
= gλµ Jν,σ + gνλ Jµ,σ − gµν J λ,σ −


− gλµ Jσ,ν + gσλ Jµ,ν − gµσ J λ,ν +


λ
+ gλµ,σ Jν + gν,σ
Jµ − gµν,σ J λ −


λ
− gλµ,ν Jσ + gσ,ν
Jµ − gµσ,ν J λ +

(74)

λ
+ Qµσν
λ
λ
λ
= T́µσν
+ T̀µσν
+ Qµσν
λ
λ
are explicand T̀µσν
where the newly introduced tensors T́µσν
itly defined as follows:


λ
T́µσν
= gλµ Jν,σ + gνλ Jµ,σ − gµν J λ,σ −


− gλµ Jσ,ν + gσλ Jµ,ν − gµσ J λ,ν
(75)
i
h
i h
= gνλ Jµ,σ − gµν J λ,σ − gσλ Jµ,ν − gµσ J λ,ν

and:



λ
λ
Jµ − gµν,σ J λ −
T̀µσν
= gλµ,σ Jν + gν,σ


λ
− gλµ,ν Jσ + gσ,ν
Jµ − gµσ,ν J λ .

(76)

Written in a much clearer manner:
λ
λ
λ
λ
+ T̀µσν
+ Qµσν
.
Tµσν
= T́µσν

(77)

At this juncture, having now written down the Riemann and
the material curvature tensors in the manner that we have
written them in (73) and (77), we are now ready to explore
the Resultant Field Equations.

λ
Ŕλµσν = T́µσν

(a)

λ
R̀λµσν = T̀µσν

(b)

λ
Ωλµσν = Qµσν

(c)

(79)

(gauge constraints)
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Eqs. (79a), (79b) and (79c) are constraints on (78), albeit en- the field (79c) by means of the first Voss-Bianchi identities
dogauge constraints of the theory. Shortly in §7.1 and §7.2, (in (50)). To that end, we shall achieve this by conducting a
we shall show that (79a) and (79c) are the gravitational sour- cyclic permutation of the µσν-indices in (79c), i.e.:
ce-coupled and source-free Maxwell’s field equations [14].
λ
Ωλ[µσν] = Q[µσν]
.
(84)
Exploration of (79b) is left for a later paper.
The square-brackets in (84) here and after indicate the cyclic
As claimed above, we shall now proceed to show that (79a) permutation of the indices for the particular tensor in quesis indeed the gravitomagnetic Maxwell-type source-coupled tion.
λ
λ
Now for Q[µσν]
, we already know from (54b) that Q[µσν]
≡
field equation. To see this, we shall multiply (79a) on both
λ
λ
α
0.
For
Ω
,
a
computation
of
this
tensor
will
yield
Ω
=
sides by A and thereafter contracting the (α, µ) and (λ, σ)[µσν]
[µσν]
indices by setting α = µ = β and λ = σ = δ; so doing, we A λ Fµσ,ν + A λ Fνµ,σ + A λ Fσν,µ . Therefore, combining this with
(54b) and (84), it follows that:
obtain:
δ
.
(80)
A β Ŕδβδν = A β T́βδν
∂ν Fµσ + ∂σ Fνµ + ∂µ Fσν ≡ 0 .
(85)
On the other hand, for A β Ŕδβδν , we have that:
If anything, the above (85) is indeed Maxwell’s source-free
A β Ŕδβδν = Fδ ν,δ ,
(81) field equations [14] written in terms of the covariant derivative, albeit in the present case, this equation is emerging deep
and this already looks very familiar – is this not the well within the full domains of gravitation, i.e. from the pure soils
known left-hand side of Maxwell’s source-coupled field equa- of geometry. The derivation of (85) technically completes the
tion [14] – albeit – in the realm of the gravitational phenome- main task of the present paper. We surely have shown that one
non? It certainly is.
can derive Maxwell’s equations [14] from the viewpoint of a
δ
For A β T́βδν
, we have that:
Riemann-Weyl geometry standpoint. This must give a strong
leverage and impetus to gravitomagnetism as a legitimate and
δ
A β T́βδν
= −2A δ Jδ,ν − J δ,δ Aν
plausible fundamental phenomenon lying well within the domain and realm of real science that is well worthy of the atδ
(82)
= −2A ∂δ ∂ν % + (%/2) Aν
tention of a knowledge seeking scientific mind.
2
= −e
µJν + κ Aν
8 Discussion
where from our foreknowledge and, by way of inference and For what we wanted to achieve in the present paper, we are of
inspiration from experience, we have set in (82):
the view that we have succeeded – i.e. succeeded in demonstrating that – a legitimate fundamental geometrodynamicjus2A δ ∂δ ∂ν % = e
µJν ,
tification of gravitomagnetism can be found from the fertile
with e
µ being a coupling constant that restores dimensional soils of Weyl’s [1] beautiful but now thought to be dead and
consistency and Jν is the conserved gravitational four-current obsolete theory. We further believe that this justification adds
density (or four-momentum density). Thus from the forego- much greater impetus to the justification one obtains from
ing, it follows that Fδ ν,δ = −e
µJν . We expect that e
µ should say Heras’s [43] insightful and powerful existence theorem,
embody (represent) Newton’s gravitational constant. For aes- or from Behera’s [32] interesting theorem that much like the
thetic reasons, we prefer to write this equation Fδ ν,δ = −e
µJν electromagnetic force, the gravitational force is susceptible
to a four-vector description. Furthermore, we are also conin the form:
µ
2
∂ Fµν = −e
µJν + κ Aν .
(83) fident that what we have presented herein is being presented
for the first time in the scientific literature, hence, these are
The above (83) is Maxwell’s source-coupled field equations new blossoms in the realm of ideas.
[14], albeit in the present case, these equations are emergIn the following subsections (i.e. §8.1 and §8.3), we shall
ing not in the realm and domain of electrodynamics, but pure discuss (in §8.2) rather briefly, the gauge conditions arising
gravitation. This derivation of (83) completes the first part of in the present theory and in §8.3, our thoughts regarding a
the main task of the present paper. In the next section, we Quantum Theory of Gravity. No tangible conclusion is drawn
tackle the second part where we shall derive the source-free from this paper as this is left for our able and agile reader
gravitomagnetic field equations.
to makeup their own mind regarding what has herein been
presented. We are of the view that this paper is clear and
7.2 Source-free field equations
straight forward enough, so much that it should not be diffiHaving derived the source-coupled field (83), we are now go- cult to come to a conclusion as to what this paper really means
ing to deduce (derive) the source-free field equations from regarding gravitomagnetism.
7.1

Source-coupled field equations
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λ
λ
Tµσν
, and Qµσν
.

We have used Weyl’s modified theory [1] to give a legal and
6. Sixth – the main field equation Rλµσν ≡ 0 is split into
λ
fundamental basis for the existence of gravitomagnetism, and
parts as Rλµσν = Tµσν
where Rλµσν is the Riemann curvaλ
this gravitomagnetic theory can and will be extended in the
ture tensor and Tµσν
the material curvature tensor.
next paper to demonstrate a possible unity between gravita7. Seventh – a set of gauge conditions (constraints) are
tion and electricity. Naturally and with justification, one will
then deliberately introduced – i.e. conditions which,
(or may) ask the interesting question: What in the present
when used in conjunction with the source-coupled field
have we now done differently that no one has done in the past
λ
equation Rλµσν = Tµσν
, yield for us the desired sourceto this 102 year old theory that suffered a moumental stillcoupled Maxwell Geometrodymanic Equations [14].
birth under the able hands and agile eyes of Albert Einstein’s
8. Ante-penultimate – we split each of the curvature tenrazor sharp intellect whose criticism made sure that Weyl’s
λ
sors Rλµσν and Tµσν
into three parts each of which are
theory [1] failed?
also
tensors.
In a nutshell, what we have done in our quest to give
9. Penultimate – we deduce the resultant field equations
a fundamental geometrodynamic justification of gravitomagby relating each of the three tensors making up the
netism, is to modify Weyl’s [1] supposedly failed geometry
Riemann curvature tensor Rλµσν to the three parts makwhose endeavour was to bring the gravitational and electroλ
magnetic forces into one grand scheme, via the subtle addiing up the material curvature tensor Tµσν
, wherefrom
tion of a conformal scalar leading to the addition of a tensorial
we obtain the first and second Maxwell’s field equaaffine connection that is a function of a four-vector field and
tions [14], albeit in the realm of gravitomagnetism.
have turned Weyl’s [1] scalar into a pseudo-scalar of the sec- The above nine steps are an executive summary of the road
ond kind. Succinctly stated – in just nine major steps – this is leading to the theory here laid down. There is not much to
what we have done:
say any further regarding the construction and architecture
1. The first insight has been to make the Weyl [1] confor- of the theory, except that we have given gravitomagnetism
mal scalar a pseudo-scalar of the second kind and this a fundamental geometric justification that we hope will lead
allows us to obtain tensorial affinities within the realm researchers to reconsider gravitomagnetism as a fundamental
of Weyl’s theory [1].
phenomenon to be considered separately and independently
2. The second insight is to realize that the Riemann met- as a physical phenomenon.
ric tensor gµν can be decomposed into a product of a
four-vector Aµ so that, instead of describing the metric 8.2 Gauge conditions
using ten potentials, it is now described by only four In total, the theory has required five gauge conditions for its
architecture and design. These gauge conditions are presenpotentials: gµν = Aµ Aν .
3. Third – in a Weyl [1] fashion – via the newly introduced ted in (37), (44), (79a), (79b), and (79c). Of these gauge conpseudo-scalar, we added a new non-tensorial affinecon- ditions, (44) is the only natural gauge condition, while the rest
λ
λ
λ
− Qµν
) and demanded are gauge constraints. The solo natural gauge is necessary in
nection Qµν
(i.e. Γλµν = Γλµν − Wµν
of it to yield for us a resultant affine connection that order that on a global level, the theory meets our most sought
is a tensor. Once we have a tensorial affine connec- for requirement – of a geometry whose vectors during partions, it means we now have the tool required to obtain allel transport in spacetime will have both their lengths and
Einstein’s desired geometry that is such that both the angles remain invariant. The gauge constraints (37), (79a),
length and direction of a vector under parallel transport (79b), and (79c) have been instituted (imposed) so that we
obtain a theory whose resulting equations have the form that
are preserved.
we desire or that we are used to – which in this case, is the
4. Fourth, the preservation of both the direction and length
Maxwell form [14].
of the vector under parallel transport automatically imλ
plies that the curvature tensor Rµσν will vanish identi- 8.3 Quantum theory of gravity
cally everywhere, i.e. Rλµσν ≡ 0. The equation Rλµσν ≡ 0
Lastly, as our final word, we will briefly touch on the long
becomes our theory’s first and main field equation.
sought – albeit elusive and contentious – dream of attaining a
5. Fifth – because the affine connections are now tensors, Quantum Theory of Gravity (QTG). Given the obvious simit is possible to construct for ourself – by way of choice ilarities not only in the formulae of Sir Isaac Newton’s uni(gauge constraint) – an effective geometrywhich issuch versal law of gravitation Fg = −GMg mg /r2 and Coulomb’s
that the non-linear terms Γδµν Γλδα and Γλδν Γδµα in the cur- electrostatic law Fe = Q q/4πr2 , but in the two physical
vature tensor Rλµσν vanish identically. This gauge choi- phenomenon themselves, we can learn one or two things from
ce results in three separate linear curvature tensors ma- QED if we are to one day find a quantum mechanical descripking up the resultant curvature tensor, namely Rλµσν , tion of the gravitational field.
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the metric tensor gµν . For fear of digression and loss of focus,
we have avoided going deeper in the many areas that this paper can possibly touch. We shall be making follow-up work
which will dwell on these matters. We are very much aware
of these many areas and we have not even mentioned some of
them but silently passed as though we are not aware of them
– this has been done intentionally. Further, for the same reasons, we have not done a serious comparative analysis of the
present ideas with similar attempts in the literature. We must
say that, the present paper is already an unavoidably lengthy
one, so mush so that there really is no need to burden you
our reader with more material. This can efficiently be done in
(86) separate papers in the future.

For example, if we are to accept the thesis presented herein – this would mean that, like electricity, gravity is represented by a four-vector field. From this deduction, logically
and intuitively, it would appear that the same method(s) used
to quantize the electrodynamic phenomenon – can (and must)
be applied somehow to the much sought for quantization program of the gravitational field. We know very well that QED
is built on the fundamental soils of three very beautiful equations, namely the Dirac equation [63, 64] and Maxwell’s two
equations of electrodynamics [14], i.e.:
ı~ γµ ∂µ ψ

= m0 cψ

(a)

∂µ Fµν

= µ0 Jν

(b)

= 0

(c)

∂λ Fµν + ∂ν Fλµ + ∂µ Fνλ

Dedications

where (86a) is the Dirac equation [63, 64] and (86b & c)
are Maxwell’s two equations of electrodynamics [14] respectively. In the Dirac equation (86a), γµ , m0 , and ψ are the usual
four 4 × 4 Dirac matrices, the rest mass of the particle, and
the four-component Dirac wavefunction, respectively.
Thus, in much the same manner, the gravitational field
might be quantizable via the quantization of the gravitational
four-vector field Aµ , in much the same way the electromagnetic four-vector Aµ has been quantized in QED under the
scheme of the three equations given in (86). In order for
this, the Dirac equation will have to be replaced by its curved
spacetime equivalent. In [65], we did propose such a curved
µ
spacetime version of the Dirac equation, namely ı~γ(a)
µ Aµ ∂ ψ
= m0 cψ, and in our search for a QTG, we shall take this
equation as the appropriate curved spacetime Dirac equation.
Thus, we propose that the three equations to be used in the
quantization program are:
µ
ı~ γ(a)
µ Aµ ∂ ψ

=

m0 cψ

(a)

∂µ Fµν

=

−e
µJν

(b)

∂ν Fµσ + ∂σ Fνµ + ∂µ Fσν

≡

0.

(c)

(87)

We dedicate this paper to all the Weylians out there who, in
the pristine of their privacy, took some time out to observe the
First Centenary of Weyl Gravitation. Additionally, we take
this opportunity to pay a befitting homage and tribute to the
great personage, pristine intellect and esoteric genius of Herr
Professorie Dr. Herman Klaus Hugo Weyl (1885-1955).
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Mathematik B, 1869, v. 70, 46–70.
13. Einstein A. Uber das Relativitätsprinzip und die aus demselben gezogenen Folgerungen. Jahrbuch der Radioaktivität und Electronik, 1907,
v, 4, 411-462. Translation by Schwartz H. M. (1977), Am. J. Phys.,
1977, v. 45, 10.
14. Maxwell J. C. A Dynamical Theory of the Electromagnetic Field. Phil.
Trans. Royal Soc., 1865, v. 155, 459–512.
15. Adler R. J., Chen P., and Varani E. Gravitomagnetism and Spinor Quantum Mechanics. Phys. Rev. D, 2012, v. 85, 025016.
16. Exirifard Q. Gravito-Magnetic Force in Modified Newtonian Dynamics. Journal of Cosmology and Astroparticle Physics, 2013,
v. 2013 (08), 046–046.
17. Mashhoon B. Gravitoelectromagnetism: A Brief Review. arXiv: grqc/0311030v2.
18. Nordtvedt K. Gravitomagnetic Interaction and Laser Ranging to Earth
Satellites. Phys. Rev. Lett., 1988, v. 61, 2647–2649.
19. Vieira R. S. and Brentan H. B. Covariant Theory of Gravitation in the
Framework of Special Relativity. The European Physical Journal Plus,
2018, v. 133 (4), 165–190.

Issue 2 (October)

34. Einstein A. Zur Elektrodynamik bewegter Körper. Ann. der Phys.,
1905, v. 17, 891.
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